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SUMMARY -

An extension of the Class of Regular Estimators has been fn’oposed in order to
obtain a larger class wnhm which the estimators are linearly mvarlant nlmolt_

everywhere.
Bxisténce of the optimal ‘estimator ‘in this proposed class has been verified

alongwith the importance of balanced sampling for achieving the minimum
variance.
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. Introduction

In an attempt to findout the optimum estimator in the linear class it
was observéd by Roy and Chakravarti [1] that though no best. estimator
exists in the linear class the best estimator exists 'in a more restricted
class, called by them as the Class of Regular'Estimator‘ll(CRE) They
had shown that a regular estimator is necessarily lmearly invariant in
" almost everywhere. Also, for the variance of any regular estimator,
there exists a lower bound which is attainable through balanced sampling.
_ In this present work we shall try to extend the CRE in such a way

-that all members of that extended class-are necessarily linearly invariants
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with probability one. Within that extended class we shall also attempt
to findout the minimum variance estimator and demonstrate therefrom
the usefulness of balanced sampling.

2. Definitions

We shall use the following notations for our subsequent study.

N = size of population, .
U = (uy, 4, . . . , Un), the population of N units,

Vi = » (u3}, the value of the variable y on ith unit u.

N .
M = (1/N) Z y, the population mean,
i=1 . .

. N )
of = (1/N) E (y: — M)?, the population variance,

5 = observed samplc of units from U,"

n(s) = cﬁ'cctxve samplc size, i.e. the number of distinct units in the
sample s,

. N ]
ty (s) = _21 a; (s), an estimator based on s with respect to the vari-
i=

able y..

Definition 1. An estimator fy (5) is said to be linearly invariant if for
any z = g -+ by, a linear gansformation of y,

t:(8) = a + bty (5) : (2.1)
It may be verified that this condition is equivalent to
a(s) =1 foralls. . 2.2)

g Definition 2. An estimator #y (s) is said to belong to thc Class-of
Regular Estlmators (CRE) if

“E(ty (s)) =
and Var (%) (.s)) = ko?
for some constant>k .
These above two deﬁmtlons are from Roy and Chakravarti and they

have shown that if ty (s) € CRE then E a, (s) = 1 almost everywhere,
=1

implying thercby that 7, (s) is Imearly invariant. We shall now present
an extension of CRE as follows.
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Definition 3. An estimator ¢, (a) is sald to belong to the Extended Class
of Regular Estimasors (ECRE) if R
Ety () = ' '
and . Var (¢ (S)) kf(yu ..., %)

" for some constant k£ and any homogeneous functxon f(:) of order 2 -
satisfying the condition :

Sy ., y8) =0 whenevery, =y =...=Jy.
It may be noted that 0% is a partrcular case of f° ( ) where

f(\}’b ce .}’N) = E - )'[N.

Thus CRE & ECRE.

Similar is the case of square of Mean Deviation around mean or median.
While the CRE is unable to- cover stratification problems ECRE isina
position to include the same. '

"3, Propertiee of ECRE

‘With the above definition of ECRE we shall now examine a few oro-
perties of interest to mdlcate the 1mportance of this extended class of
estxmatorl

Re.mlt 1, An extended regular estimator is linearly invariant.

Proof. Let ty (s) be an extended regular estlmator Then, as because
ty (J) « ECRE o . . . . ¢

VYar (ty (5)) = I;f(y,, e y,;) forall y and 8. : .,
B N - " . . N
or, Var ( 2 g (s yc) =kf(y,...,yn) forall yands.
A In particuler when y;, = Yy = ... =yy = ¢, say -
o Var{‘zl'a:’(s)} = k'f(c‘, v .yc) foralls
implying thereby that .
N . : o :
, Var-{ 'Ela, (s) }= 0 for all s -
N o
or . 21 a; (s) = Constant - for all 5, a,c.

- . =p, ey,
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. Then A . '
b . N i
p=E(p)= 2 E (a; (5) CRY

Again from ibe cht that ty(s) e ECRE
E (1, (s)) =M forall y ‘

“or, E(ai(s)) = ]]\7 foralli =1, 2, . N. ] (3.2)
Now combining (3.1) with (3 2) we vet
N _
p= 2 E(a, (5)) = E l/N = | almost everywherc

i=

Hence from (2 2) and dﬂ*ﬁnmon 1, ty (s) is a linearly mvarxant estimator.

That completes the proof of the result, : . O

We shall next try to findout a lower bound for the variance of any
extended regular estimator. For this, let us consider

: N
V —_ E E (a, (s ) — n; {8)[n (8))?

: 1 ifues
where  (s) ;{0 ‘otherwise.
- Then '

o<<v .

N N .

= ‘Z Var ‘(ai(s)) +_ 2 E? (a, (s)) — E (1/n (s)).
or, E Var (a;r (s)) 2 E(1/n (s)) = 1/N _ (3.3)
from (3.2).

Our nextstep will be - to evaluate Var (a; (5)) values for i = 1,2 ; N

For this let us introduce thé following symbols.
- fi=f(0n,...; yn) evaluated at the followmg point
_frife=i
Y= { 0 otherwise,
and '

fu=f, .., yy evaluated at the followmg pomt
{l ifk=1iandj o

0 otherwise. -
Trivially, fi = fi for all i.

Je =
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Result 2. under the above set up for all s
. Var (@ (s)) = kf; foralli S _
and Cov {a (5), @ (s)) = (k/2) ( fos —f,:— f;) for all i and j, i#j. ,
. Proof. Becaus.dty (s)e ECRE we get -

| N ) oo
| Var{ _21 a; (s) » } =kf(y,...,yn) forallyands.
- i= - ’

- In particular when y’s are stxch that y; = 1 and Vi =_-0 for k (i) =

l,..., N
»and this is true for all i= 1,2, ..., N. Similarly consldermo

1 fork = zand]
Ve = { 0 otherwise.
Var (a; (8) + 6 (s)) = kf;, foralls
or, 2 Cov (a; (s), a fs)) = k fiy — k fi — kfjforalls
or, Cov (a; (s), @ () = (k/2) (fiy — fi — f3) for all’ s
and this is true for all i7;j, ' ‘
Heace the result. ’ : » R
Result 3. For the variance of any extended regular estimator f, (s)

of M there exists a lower bound given by

Var (5 ()) > { B ] M0 i)

. Var (at (5)) = kﬁ foralls .
|

Proof. For ty(s) ¢ ECRE we have from (3.3) and Result 2

N 11
‘.EI kfi 2 E n(s)” N

or- 'k> {E~nts) —-—]—lv-} 1\}

B f

. i=1 -

Then A .
Vaf (ta(‘s)) =kf(yl 3 v ey yN)
1 yeosY ) .

> {En(ls)___]v}f(yl N ‘ D

’ . E Ji
- ' It may be further noted that lowar bound for the variance of any

extended regular estimator is attained when V' = 0. This implies that
ai(s) = m(s)n(s) foralli=1,2..... N.
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Then from (3.2) -

- EMm@)n(s)=1N i=12,...,N. (3.4)
The sampling design for which (3.4) holds true. consti_tutes' a - balanced
sampling design. The corresponding minimum - variance estimator is

given byt (s) where

_ N .

£5(s) =i21 Y1 ny ()n (s). . : ..(3.5)
The results (3.4) and (3.5) are independent of the choice of the function
f(-) and hold true in gcncral as long as f(:)i is homogencous of order 2
such that £(1, 1, ,1)=0. :
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